EXPONENTS AND RADICALS

211en02

We havelearnt about multiplication of two or morerea numbersintheearlier lesson. You
canvery easily writethefollowing

4x4x4=64,11%11x11x 11 = 14641 and
2X2X2%X2%X2x2x%x2x%x2=256

Think of thesituation when 13isto be multiplied 15times. How difficultisit towrite?
13x 13X 13 Xoovvrenee 15 times?

Thisdifficulty can be overcome by theintroduction of exponentia notation. Inthislesson,
we shall explain the meaning of thisnotation, state and provethelaws of exponentsand
learnto apply these. We shall dlsolearnto expressreal numbersas product of powers of
primenumbers.

Inthenext part of thislesson, weshall giveameaning to the number a““ asqth root of a.
We shall introduceyou to radicals, index, radicand etc. Again, we shall learn thelaws of
radicalsand find the smplest form of aradical. We shall learn the meaning of theterm
“rationaising factor’ and rationalisethedenominatorsof givenradicals.

After studying thislesson, youwill beableto

write a repeated multiplication in exponential notation and vice-versa;
e identify the base and exponent of a number written in exponential notation;
e express a natural number as a product of powers of prime numbers uniquely;

e dtate the laws of exponents,
e explain the meaning of a®a™ and a%;

e simplify expressions involving exponents, using laws of exponents,
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identify radicals from a given set of irrational numbers,

identify index and radicand of a surd;
e dtatethelaws of radicals (or surds);

express a given surd in simplest form;

classify similar and non-similar surds;

reduce surds of different orders to those of the same order;

perform the four fundamental operations on surds;

arrange the given surds in ascending/descending order of magnitude;

find a rationalising factor of a given surd;

1 1
ionali i i and
rationalise the denominator of a given surd of theform a+bx I+ /_y ,

where x and y are natural numbers and a and b are integers,

simplify expressions involving surds.

EXPECTED BACKGROUND KNOWLEDGE

e Primenumbers
e Four fundamental operationson numbers
e Rationa numbers

e Orderreationinnumbers.

2.1 EXPONENTIAL NOTATION

Consder thefollowing products:

(i)7x7 (i) 3x3x3 (iii)6x6x6x6x6
In(i), 7ismultiplied twiceand hence 7 x 7 iswritten as 72

In (ii), 3ismultiplied threetimesand so 3 x 3 x 3iswritten as 3°.
In(iii), 6ismultiplied fivetimes, s06 x 6 x 6 x 6 X 6iswritten as 6>

7?isread as" 7 raised to the power 2" or “ second power of 7. Here, 7 iscalled base and
2iscalled exponent (or index)

Similarly, 3*isread as“ 3raised to the power 3" or “third power of 3". Here, 3iscdledthe
baseand 3iscalled exponent.

Similarly, 6°isread as" 6 raised to the power 5" or “ Fifth power of 6”. Again 6 isbaseand
5isthe exponent (or index).
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From the above, we say that

The notation for writing the product of a number by itself several timesis called the
Exponential Notation or Exponential Form.

Thus, 5% 5 .... 20 times = 52 and (=7) X (=7) % .... 10times = (=7)% Notes

In 5%, 5isthe base and exponent is 20.

In (=7)*°, baseis—7 and exponent is 10.

Similarly, exponential notation can be used to write precisely the product of aratioina
number by itself anumber of times.

oo (D Leotpimee (2]

Ingenerd, if aisarational number, multiplied by itself mtimes, itiswritten asa™.
Hereagain, aiscalled the base and miscalled the exponent
L et ustake someexamplestoillustrate the above discussion:

Example2.1: Evauateeach of thefollowing:

(i) GT (if) (_ET
Solution: () (Ejgzéxéx%@:i

0 (-

Example2.2: Writethefollowing inexponentia form:

(i) (-5) x (-5) x(H) *x(H) x(H) x(H) *x(-H)

0 53] [z =) <)

Solution: (i) (-5) x (-5) x(-5) x (-5) x (-5) x(-5) x (-5) =(-H)’
o 5]
1) * 1) * ) * (1 ‘[1_1]
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Example2.3: Expresseach of thefollowing in exponential notation and writethe base
and exponent in each case.
Notes : . 125 .
(i) 4096 (i) 729 (ili))—512

Solution: ()4096=4x4x4x4x4x4 Alternatively 4096 = (2)*2
= (4)° Base = 2, exponent =12

Here, base = 4 and exponent = 6

125 5 5 5 (5

(i) === = =X=x==| =
729 9 9 9 \9

5
Here, base= (5) and exponent =3

(iii)Bl2=2%x2x2x2X2x2%x2x2%x2=2°
Here, base = 2 and exponent = 9

Example2.4: Smplify thefollowing:

2

3)° 3 3 3
ion: — | ==X=X—=—
Solution: > 5 5= o8
ANNYL
Smilaly 3 :g
3\ (4) 3F 4
2)%\3) T @
3P 16x16 32
= —X = —
g~ 3 3

Example2.5: Writethereciproca of each of thefollowing and expressthemin exponentia

form:
. - (3Y [ 5Y
(i3 (i) (Zj (iii) [_EJ
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Solution: ()  3*=3x3x3x3x3
=243

1 (1Y
. 1 5— —  —| —
.. Reciprocal of 3 43 ( j

3
3¢ 3
(ii) (Z) =2

3 4 (4
.. Reciprocal of (ZJ = o (gj

5 -6° (-6Y
.. Reciprocal of (—gj =5 =(?j

. P : .
Fromthe above example, wecan say that if a isany non-zerorational number andmis

any positiveinteger, then thereciprocal of (g] is (%} .

CHECK YOUR PROGRESS 2.1

1. Writethefollowinginexponentia form:
(i) (=7) x (=7) x (=7) *(=7)

3) (3
(i) (ZJX(ZJX"" 10times
(.5 5 :
(i) (—7jx(—7jx----20tlm6

2. Writethebaseand exponent in each of thefollowing:
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2 8
0 39 (i) (7)* (iif) (— 1—1]

3. Evauateeach of thefollowing

L (3 L (=2Y . 3Y
() (7j (||)(?J (|||)(—Zj
4. Simplify thefollowing:

o4
ol

5. Findthereciproca of each of thefollowing:

(i) (i) (=7)* (iii) (—gj

2.2 PRIME FACTORISATION

Recall that any composite number can be expressed asaproduct of prime numbers. Let
ustakethe composite numbers 72, 760 and 7623.

() 72 =2x2x2x3x3 2l
2|36
=23 x 32 2|18 2le0
319 2380
(i) 760=2 x2x2x5x%x19 3 2(190
— 23 x 5 x10t 3 | 7623 5195
3 2541 19
(i) 7623 =3 x 3x 7 x 11 x11 7 | 847
=3Fx 7t x 112 lll—]fl

We can see that any natural number, other than 1, can be expressed as a product of
powers of prime numbersin a unique manner, apart from the order of occurrence of
factors. Let usconsider someexamples

Example2.6: Express24300in exponential form.
Solution: 24300=3%x3x3x3x2x2x5x5x%x3
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- 24300 = 22 x 3 x5
Example2.7: Express 98784 in exponential form.

Solution: 2 | 08784
2 | 49392

2 | 24696

2 | 12348 s 98784 =25x Fx T3

2 | 6174
3 | 3087
3 | 1029
7843
7149

7

CHECK YOUR PROGRESS 2.2

1. Expresseachof thefollowingasaproduct of powersof primes, i.e, inexponentia form:
(i) 429 (i) 648 (iii) 1512
2. Expresseach of thefollowinginexponentia form:
(i) 729 (i 512 (iii) 2592
1331 243
™) 2006 V) =5
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2.3 LAWS OF EXPONENTS

Consder thefollowing
() Fx3F =BxIJ)xBx3xIJ)=(3x3x3x3x3)
=3P =3P+3
(@) (72 (=0 =[(=7) x (=N] x [(=7) x (=7) x (=7) * (=7)]
=[(=0) % (=7) x (=7) x (=7) x (=7) x (=7)]
= (-7 = (-7

.. (z)i{ﬁj“_(éxﬁxé}{ﬁxéxﬁxé)
1%) ") T\ 272227
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=| =X —=X—=X—X—X—X—
(4444444)

(37 33+4
(-0
(va*x a*=(axaxa)x (axaxaxa=a=a"

From the above exampl es, we observethat

Law 1: If aisany non-zero rational number and mand n aretwo positiveintegers, then

am X af'l: aTT'H‘n
3 ([ 3Y
Example2.8: Evaluate [—Ej X(_Ej .
. 3
Solution: Herea= _E’ m=3andn=5.

_(3)"_es61
2) 256

Example2.9: Findthevalue of

BRG]

Solution: Asbefore,

(7}1{7}3_ (7j2+3 _ (7}5 _ 16807
4 4)  \4 4 1024
Now study thefollowing:

, 75 TXTXTXTXT » 53
eP= =" =IxT7=7"=7
0 7 IxTx7T

) )" 9= (g ™ (~3x(-3x(-3)x(-3)

—
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From the above, we can seethat
Law 2: If aisany non-zerorationa number and mand narepositiveintegers(m>n), then

am+a'=am™

35 16 35 13
Example2.10: Find thevalue of [Z_SJ —(Z—FJ .

35 16 35 13
Solution; (Z_SJ —[z—sj

_ (3_5)16_13 _(3_5)3 _(st _%
25 25 5 125

InLaw 2, m<n=n>m,

then a.m +an — a—(n—m) —

3 (3)°
Example2.11: Find thevalue of (ﬂ +(7]

3
Solution: Herea:7,m:6andn:9.

G567

Let usconsider thefollowing:

0 (BF-Fx3 533
o [BTT-CIEIEE)
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3 2+2+2+2+2 3 10 3 2x5
F 56

From the abovetwo cases, we caninfer thefollowing:

Law 4: If aisany non-zero rational number and mand n aretwo positiveintegers, then

far) =am
Let usconsider anexample.
3

- 2 2
Example2.12: Findthevalueof 5

2V 127 (2¢ e
Solution (Ej } [E} :(Ej " 15625
2.3.1 Zero Exponent

Recall that gm~g" = g™™",ifm>n

1
:W,|fn>m

Let usconsider thecase, whenm=n

+am — am—m

=1=a°
Thus, we have another important law of exponents,.

Law 5: If aisany rational number other than zero, then a®=1.
Example2.13: Find thevaueof

o w3

2 0
Solution: (HUsinga’=1, weget (ﬁ =1
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—3)\°
(iAgainusnga’®=1,weget | — | =1
4

Notes
CHECK YOUR PROGRESS 2.3

1. Simplify and expresstheresultin exponentia form:

. L (3)(3) (7Y TV (7Y
oo o33 w(-1)x-2) {2

2. Simplify and expresstheresult in exponentia form:

oirir ol w3

3. Simplify and expresstheresult in exponential form:

0) (2 (i K%M (i) K— Sj}
w37 ola) )

4. Whichof thefollowing statementsaretrue?

orerer (3
ol T w3
oo w2

ol (8
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2.4 NEGATIVE INTEGERS AS EXPONENTS

1
i)  Weknow that thereciprocal of 5is E.Wewriteitas&l andread it as5raised to

power —1.

1
i) Thereciprocal of (7) is EE Wewriteit as(—7)* and read it as(—7) raised to the

power —1.

1
i) Thereciproca of 5*= ?.Wewriteitas&2 andreadit as'5raised tothe power (-2)'.
Fromtheaboveall, weget

If aisany non-zero rationa number and misany positiveinteger, thenthereciproca of a”
.1
(' 'e?j iIswrittenasa™ and isread as‘ araised to the power (—m)’. Therefore,

-m

Y
am

=a

Let usconsider anexample.
Example2.14: Rewrite each of thefollowing with apositive exponent:

o ey

Solution;

From the above example, we get thefollowing result:

P . : : o
If a iS any non-zero rational number and m is any positive integer, then

(o) (5]
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2.5 LAWS OF EXPONENTS FOR INTEGRAL EXPONENTS

After giving ameaning to negativeintegersasexponentsof non-zerorationa numbers, we
can seethat laws of exponentshold good for negative exponentsal so.

Notes
For example.

o [
"t
" et
JGIRCISHRCRCN

Thus, from the aboveresults, wefind that laws 1 to 5 hold good for negative exponents
aso.

.. For any non-zero rational numbersa and b and any integersmandn,

1. a"xa =amn

2. an+a  =amifm>n
=a™ifn>m

3. (@m"=am

4, (axbm=amxpm

CHECK YOUR PROGRESS 2.4

_3\? p
1. Express (7j asarationa number of theform a ;
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. Expressasapower of rational number with positive exponent:

(3)" ) NIEN
(0 (;j (1) 12°%x12° (i) [(Ej ]

. Expressasapower of arational number with negativeindex:

(i) [?) (i) [(7)2f (i) [Hj]

. Smplify:

oG WY W

. Which of thefollowing Satementsaretrue?

(Hamxa=am™"
(i) &y =&

(iii) a" x b" = (ab)™

(iv) a"+b" = (gj

(V)amxa=am

2.6 MEANING OF af

You haveseenthat for al integral valuesof mandn,

am X an: al'n‘"n

What isthe method of defining a9, if ais positive rational number and g isanatural
number.

Congder themulltiplication

1 1 1 1 111 .
= = = = S+=+4+.g times
a‘xaixa’........ ><an:aq a9
Y
gtimes
_q
“a'=a
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1

In other words, thegth power of _q _ 4

or

1
inother words ,q istheqthroot of aandiswrittenas Ya.

For example,

1 1 1 1 1111 4
TAXTAXTAXT =74 444 =74 =7 =7
or 7% isthefourthroot of 7 andiswrittenas 4/7,

Let usnow definerational powersof a
If aisapositiverea number, pisaninteger and gisanatural number, then

P
a’=9%a"
We can seethat
P P P P PPPL qtimes E.q

@qxaqxaq ........ xa“/:aq =a% =a’

Y
gtimes
P
~a%=%a’

. a”¥istheqthroot of a®

Consequently, 7% isthe cuberoot of 72.

L et usnow writethelawsof exponentsfor rational exponents:
() amx a"=amn

() an+a" = am™

(i) @) = am

iv) (@)™ = ambr

a)" a"
v) (E) iy

L et usconsider some examplesto verify theabovelaws:

16 -3/4
(i) (8_1)

Example2.15: Findthevalue of

[SIEN]

() (625) (1) (243)
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Solution:

) 1 1 1 L
() (625):= (5x5x5x5)4 =(5')i =5 4 =5

2 2 2

. 2 2 2 2
() (243)s = (3x3x3x3x3)° =(F)p =3 5 =F =9

- -3
(i) 164 _(2x2x2x2)4
81 3x3x3x3

-3

BT

1. Simplify eachof thefollowing:
2
27\ 3
(i) (16) (i) (125j
2. Simplify eech of thefollowing:

(i) (625) « +(25)

(13}‘3 (13)31 (13)3
()| —=| X|—=| X|—=
16 16) “\16

2.7 SURDS

We haveread in first esson that numbersof thetype /2, /3 and /5 areall irrational
numbers. We shall now study irrational numbersof aparticular typecalled radicalsor

aurds.
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A surdisdefined asapositiveirrationa number of thetype 1/x , whereitisnot possibleto
find exactly thenthroot of x, wherex isapositiverational number.

Thenumber 1/ isasurdif and only if
(i) itisanirrationa number
(if) itisaroot of the postiverationa number

2.7.1 Some Ter minology

Inthesurd 1/x , thesymbol \/_ iscalledaradical sgn. Theindex ‘n’ iscalledthe or der
of thesurd and xiscalled theradicand.

Note: 1)  Whenorder of thesurdisnot mentioned, it istaken as 2. For example, order

of V7 (=%/7)is2.
i) 3/g isnotasurd asitsvalue can bedetermined as2 whichis arational.

iii) \/2+4+/2 ,dthoughanirrational number, isnot asurd becauseitisthesquare
root of anirrational number.

2.8 PURE AND MIXED SURD

i) Asurd, withrational factor is1 only, other factor being rrational iscalled apuresurd.

For example, /16 and 3/50 arepuresurds.

i) Asurd, having rational factor other than 1 alongwith theirrational factor, iscalled a
mixed surd.

For example, 2./3 and 33/7 aremixed surds.

2.9 ORDER OF A SURD

Inthesurd 53/4, Siscalled the co-efficient of thesurd, 3istheorder of thesurdand 4
istheradicand. Let usconsider someexamples:

Example2.16: Statewhich of thefollowing aresurds?

(i) /49 (i) /96 (iii) 3/81 (iv)3/256
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Solution: 0) J49 =7,whichisarationa number.
. /49 isnotasurd.
Notes

() J96=+4x4x6=4J6
. /96 isanirrational number.

= /96 isasurd.
(i)  3/81=3/3x3x3x3=33/3,whichisirrationd
- 3/81 isasurd.
(v)  3/256 =3/4x4xax4 = 4/4
. 3/256 isirrational.
= 3/256 isasurd

-~ (i), (iif) and (iv) aresurds.

Example2.17: Find“index” and“radicand” in each of thefollowing:

(i) 8117 (i) V162 (iii) 4/213 (iv)4/214
Solution: M indexis5andradicandis117.
(i) index is2 and radicand is 162.
(iir) index is4 and radicand is213.
(v)  indexis4andradicandis214.
Example2.18: Identify “pure’ and“mixed” surdsfromthefollowing:

() Va2 (i) 4318 (i) 24/98
Solution: (i) \/42 isapuresurd.
(ii) 43/18 isamixedsurd.
(iii) 24/98 isamixed surd.

2.10 LAWS OF RADICALS

Given below are Lawsof Radicals. (without proof):
0 [Ral=a

Mathematics Secondary Course




Exponentsand Radicals

i  Yavb=Yab

whereaand b are positiverational numbersand nisapositiveinteger.

L et ustake someexamplestoillustrate.

Example2.19: Which of thefollowing are surdsand which arenot?Uselawsof radicals
to ascertain.

() V5x /80 (i) 2415 + 4410
(i) 3/4x3/16 (V) V32 ++27

Solution: () /5x+/80=+/5x80 =+/400 = 20-

whichisarational number.

. A/5x4/80 isnotasurd.

(i) Zx/E+4\/1_:2_\/E_£

410 2410
Ji5 15

= 2210 Jao | g Whichisirational,

- 2415+ 4410 isasurd,

(iii) 3/4x3[16 =3/64 = 4= Itisnotasurd.
2 [32
(i) @+\/§=%:1/5 ,whichisirrationa

. A[32+4/27 isasurd.

CHECK YOUR PROGRESS 2.6

1. Foreachof thefollowing, writeindex and the radicand:

(i) 4/64 (i) §/343 (iii)/119
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2. Statewhichof thefollowingaresurds:

() 3/64 (i) 4/625 (iif) /216
(V) V5x+/45 (V) 3J2x5/6
3. Identify pureand mixed surdsout of thefollowing:
() V32 (i) 2312 (i) 13%/91 (iv) V35

211 LAWS OF SURDS

Recall that the surds can be expressed as numberswith fractional exponents. Therefore,
lawsof indicesstudied inthislesson before, are gpplicabletothem aso. Let usrecall them
here

1

@ ¥Ux.1ly =g/xy or xy" =(xy)n
0 oy \y y% y

i) 3% = =¥ or [xiJm e {X;]

by =

m
(V) 2/x™ = xn or

1 P pn

pn 1
M) &/xP =™ or (xP)n = xm = xm = (xP" Jm
Here, xand y are positiverational numbersand m, nand p are positiveintegers.

Letusillustratetheselawsby examples:

() 33 483 x8" = (24); —3/24 = 3/3x8

0 S

Wl
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i) Vﬁ:%:(ﬁf 70 87247 {7

Notes
3

V) §/4° = (43)5_ 5 _ 4125 19,49 _ 3§ 433

Thus, we seethat the abovelawsof surdsare verified.

Animportant point: Theorder of asurd can be changed by multiplying theindex of the
surd and index of theradicand by the same positive number.

Forexample 3/ -8/2% —¢/4
o 3T -4

2.12 SIMILAR (OR LIKE) SURDS

Two surds are said to be similar, if they can be reduced to the sameirrational factor,
without consideration for co-efficient.

For example, 3,/5and 7,/5 are similar surds. Again consider /75 =5,/3 and

V12 =243. Now /75 and /12 are expressed as 5./3 and 24/3. Thus, they are
smilar surds.

213 SSIMPLEST (LOWEST) FORM OF A SURD

A surdissaidtobeinitssmplest form, if it has

a) smadlest possbleindex of thesign
b) nofractionunder radica sign
c) nofactor of theforma", whereaisapositiveinteger, under theradical signof index n.

125 125x12 5
For example, \/ \/18><12 \/_

L et ustake someexamples.

Example 2.20: Expresseach of thefollowing as pure surd inthesmplest form:

3
() 27 (i) 44/7 (i) Z‘/S_Z
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Solution:

() 247 =/22x7 =+/4x 7 = /28, whichisapuresurd.

(i) 44/7 =4/4*x7 =4/256x 7 =4/1792 » Whichisapuresurd.

3 9
(iii) Z@: SZXE =«/E,whichisapuresurd.

Example2.21: Expressasamixed surdinthesimplest form:

() v128 (i) §/320 (iif) 3/250

Solution;

(i) V128 =\/64x2 =812,

whichisamixed surd.

(i) §/320 = 6/2x2x2x2x2x 2x5

=§/26x5 = 2§/5, whichisamixed surd.

(iii) 3/250 =3/5x5x5x 2 = 53/2 , whichisamixed surd.

CHECK YOUR PROGRESS 2.7

1. Statewhichof thefollowing arepairsof smilar surds:

()V8,432  (ii)5V3,6418 (iii)v/20,4125

2. Expressasapuresurd:

: . .. D

(i) 7v3 (ii) 33/16 (i) V24
3. Expressasamixed surdinthesmplest form:

() 3/250 (if) 3/243 (iif) 4/512

2.14 FOUR FUNDAMENTAL OPERATIONS ON SURDS

2.14.1 Addition and Subtraction of Surds

Asinrational numbers, surdsare added and subtracted in the same way.
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Forexample, 5,/3+17+/3=(5+17/3=22/3

and  12J5-75=[12-75=5.5

For adding and subtracting surds, wefirst changethem to similar surdsand then perform
theoperations.

Notes

Forexample i) /50 + /288

= JBx5x2 ++/12x12x 2

= 5J2+1242 =4/2(5+12)=174/2
ii) /o8 -+/18

= J7x7x2-+/3x3x2

= 7J2-3J2=(7-3W2=4\2

Example2.22: Simplify each of thefollowing:
(i) 46+ 2454
(ii) 456 -3.216
Solution: (i) 46+ 24/54
= 4.6 +2/3x3x6
= 46+6./6=10J6
(i) 456 -3216
= 45,6 -3/6x6x6
= 45/6-18/6
= 276

Example2.23: Show that
24,/45 —164/20 +/245 - 47/5=0
Solution: 24,/45 —164/20 + /245 — 47/5
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= 24\3x3x5-164/2x 2x5 +/Tx 7x5—47/5

= 725-32\/5+7/5- 475
= J5[72-32+7-47]

= /5x0=0=RHS

Example2.24: Simplify: 23/16000 + 83/128 — 3%/54 + 4/32

Solution:

CHECK YOUR PROGRESS 2.8

83/128 = 83/4x 4x4x 2 =323/2
R/54 = B/3x3x3x2 = %K/2
432 =242

.. Required expression

=40%/2+32%/2-92+242
= (40+32-9R/2+24/2
=63%/2+24/2

Simplify each of thefollowing:

1.
2.

N o o &~ w

V175 ++112

32 ++/200 ++/128

350+ 4418

v108-+/75

324 +3/81-83

63/54 — 23/16 + 43128
124/18 + 61/20 — 6,/147 +3y/50 + 845

23/16000 = 23/10x10x10x8x 2 = 2x10x 23/2 = 40%/2
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2.14.2 M ultiplication and Divisionin Surds
Two surdscan bemultiplied or divided if they are of the same order. We haveread that the
order of asurd can be changed by multiplying or dividing theindex of the surd and index Notes

of theradicand by the same positive number. Before multiplying or dividing, we change
themto the surds of the same order.

L et ustake someexamples.

V3x+/2=4/3x2=1/6 V3 and v/2 are of same order |

512
iz 2=

Letusmultiply /3 and 3/2
2-44
~.+/3x3/2 =8/27x8/4 =%/108

V3 8271 [27
P Y
Let usconsider anexample:
Example2.25: (i) Multiply 53/16 and 113/40 -
(ii) Divide 153/13 by 6%/5.
Solution: (i) 5316 * 113/40
= 5x11x¥/2x 2% 2x 2 x3/2x 2x 2x5
= 55x2x23/2 ¥/5
= 220310
1513 5813 5 [169
Example2.26: Smplify and expresstheresultin smplest form:

2./50x~/32x 272
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Solution: 24/50 = 2./5x5x 2 =102
32 = \2x2x 2% 2% 2 = 42
272 = 2x62 =122

. Givenexpression
= 10V2x4/2x1242
= 960V/2

2.15 COMPARISON OF SURDS

To comparetwo surds, wefirst changethem to surds of the same order and then compare
their radicandsaong withtheir co-efficients. L et ustake someexamples:

1 1
Example2.27: Whichisgreater \/; or i/;?
Solution: \/i— (ijs—ei
ution: 4 4 ‘/64
-
3[— =6|—
3 V9
11 \F 1 \F \F
—>— =6 >6/— =3 [— > _|—
9 o4 9 64 3 V4

Example2.28: Arrangeinascendingorder: 3/2, /3 and /5.
Solution: LCMof 2,3,and 6is6.

Now §/4 <§/5<§/27

=3/2<85<43
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CHECK YOUR PROGRESS 2.9

Multipliy 3/32 and 53/4 -
Multipliy /3 and3/5 -
Divide 2/135 by %/5 .
Divide 2+/24 by 3/320 .

Whichisgreater 4/5 or 3/4 ?

=

N

w

>

o

o

Whichinsmaler: /10 or 4/9 ?

Arrangeinascending order:

Arrangein descending order:

~

©

2.16 RATIONALISATION OF SURDS

Consider the products:
. 1 1
0 32x32=3
() 50x5n 5
. 1 3
W) 7474 =7
Ineach of the abovethree multiplications, we seethat on multiplying two surds, weget the

result asrational number. In such cases, each surd iscalled therationalising factor of the
other surd.

(i) /3 isarationalising factor of /3 andvice-versa
(i) ys* isarationalising factor of ¥/57 andvice-versa
(iii) 4/7 isarationalising factor of 4/73 and vice-versa
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Inother words, the process of converting surdsto rationa numbersiscalled rationalisation
and two numberswhichonmultiplication givetherationa number iscaledtherationdisation
factor of theother.

For example, therationalising factor of \/x is+/x,0f \/3++/2 iS{/3-4/2-
Note:

() Thequantities x—./y and x+,/y arecalled conjugate surds. Their sum and product
aredwaysrational.

(i) Retionalisationisusualy doneof thedenominator of anexpressoninvolvingirrationa
surds.

L et usconsider someexamples.

Example2.29: Find therationalising factorsof ,/18 and /12.

Solution: V18 = 3x3%x2=3/2
. Rationdisingfactoris /2 .

J12= J2x2x3=243.

- Rationdisingfactoris /3 .

J2+45

Example 2.30: Rationalisethe denominator of W .

V245 (V2++5)v2++5) (V2++5f

Solution: V25~ (V2-5)v2+45) -3
7+2410 7 2@

3 3 3

4+3,5

E le2.31: Rationdiseth i f .
xample2.31: Rationalisethe denominator o 4_375

o 4+3\/§_ (4+3\/§X4+3\/§)
Solution: 4-3J5 (4-3/5)4+3/5)
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1
Example2.32: Rationdisethe denominator of m .

| 1 (3-+2)-1
Solution: SBV2+1 [(@_ﬁ)+1][(ﬁ_ﬁ)—l]

fa-2-1 a—d2-1
T (Va3-v2f-1  4-2J6

_\/_\/_14+2«/_
=4 2J6  4+2J6

_ 4/3-4J2-4+6/2-4J3-26

16-24
_\/5—2—\/6_\/6—\/5+2
4

4

3+242
Example2.33: If 32 =a+bv2, findthevaluesof aandb.

Sution 3+242 3+2f 3+42  9+4+9y2
ution. 3_ \/— 3- \/— 3+\/— 9_2

13+9f 13 9\/— s b3

7
:a:E, b:g
7 7

CHECK YOUR PROGRESS 2.10

1. Findtherationdisingfactor of each of thefollowing:

(i) /29 (i) v2+1 (i) 3/x% +3/y? +3/xy
2. Simplify by rationalising thedenominator of each of thefollowing:

12 2.3 V11-4/5

(')E (“)\/— (“')\/—1 J5
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2+3 2-4/3

. Smﬂlfy 2_\/§+2+\/§

1
. Rationalisethe denominator of J3-v2-1

1
. If g=3+2/2.Find a+g.

2+5«/7
=X+7Y fi
If > 57 Y, findxandy.

@m

ax ax ax....mtimes=a"istheexponentia form, whereaisthebaseand misthe
exponent.

Lawsof exponent are:
. ) _(a)"_a"
MHam"xa'=a™" (ii)a"+a"'=am™" (i) (ab)™=ampbm (iv) (Bj =b—m
n - .. -m 1
W) (@) =a™ (vi)a=1 (vil) & =—5
P
a®=9%a"

Anirrational number 1/x iscaledasurd, if xisarational number and nthroot of xis
not arational number.

In8/x , niscalledindex and x iscalled radicand.

A surdwith rationd co-efficient (other than 1) iscalled amixed surd.

Theorder of the surdisthe number that indicatestheroot.
Theorder of 3/x isn
Lawsof radicals(a> 0, b>0)

i) Wal=a () ¥ax¥b=¥ab (i) $=£
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e QOperationsonsurds

i1 1 E%L 1 X' X
X“xy”=0w%:(X”] =Xm‘=(xm]; Ty Notes

e Surdsaresmilar if they havethesameirrationa factor.
e Similar surdscan be added and subtracted.

e Ordersof surdscan be changed by multiplying index of the surdsand index of the
radicand by the same positive number.

e Surdsof thesameorder are multiplied and divided.

e Tocomparesurds, wechangesurdsto surdsof thesameorder. Thenthey are compared
by their radicandsa ongwith co-efficients.

e |f theproduct of two surdsisrational, each iscalled the rationalising factor of the
other.

° X+ yiscdledrationdisingfactorofx—\/yandviceuversa.

E‘J TERMINAL EXERCISE

1. Expressthefollowinginexponentia form:
() 5x3x5x3x7x7x7%x9x9

(=T (=T (-7 (-7
o [THEHEFHT)
2. Smplifythefollowing;

LSRRG
o2

3. Simplify and expresstheresult in exponential form:
(i) (10)"x(6)"x(5)°
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10.

11.

12.

13.

o 37Y° ([ 37\

o-5) %
3T

(ii) {[E} }

Simplify each of thefollowing:

(i) 3+ 7°+37°-3 (ii) (70+3) (7°-39)
Smplify thefollowing:

: . (27 2)
() (32)°+(32)° (i) (112)° x (112)° (i) (5) (5)

3 -3 3 11 3 X
Find x so that (% X(7j =(7j

3 -2 3 -9 3 2x+1
, S| 2 (=2
Find x so that (13) (13) (13)
Express as aproduct of primes and write the answers of each of the following in
exponentia form:

(i) 6480000 (ii) 172872 (iii) 11863800

Thestar srusisabout 8.1 x 10* km from the earth. Assuming that thelight travel sat
3.0 x 10° km per second, find how long light from sirustakesto reach earth.

Statewhich of thefollowing aresurds:

(M) % H¥Y729 (i35 +1  (iv)4/3125

Expressasapuresurd:
(i) 33 (i) 53/4 (i) 53/2
Expressasamixed surd insimplest form:

() 4/405 (%320  (i)3/128

Which of thefollowing arepairsof smilar surds?

(i) V112,+/343 (ii) 3/625,3/3125% 25 (iii) §/216,/250
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14.Smplify each of thefollowing:

(i)4\/4_—g %+6\/§

Notes

(1) \/63++/28-/175
(i) \/8++128-+/50

15. Whichisgreater?

O +v2or33  (i)3/6orys

16. Arrangeindescending order:

() V3,3/4,45 (i) v2.+/3,3/2
17. Arrangein ascending order:
3/16,12,8/320

18. Smplify by rationaising thedenominator:

3 12 5-2
O%-v7 W77 SN
19. Smplify each of thefollowing by rationalising the denominator:

Oz O FaBE-2
5+24/3

20. If = 4\/— =a+ b«/§, findthevauesof aand b, whereaand b arerationa numbers.

1
21. If x =7+ 44/3, findthevalueof X+;.

[
-‘ ANSWERS TO CHECK YOUR PROGRESS

21
(3)° . (=5)"
L0 0 (i) (Zj (iii) (7j
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2.  Bae
0 —3
@iy 7
. 2
()

81
3. () 401

.3
4, (I);

(1Y
5. () (g}

2.2
1. (i) 3'x 111x 13
2. ()3

17°

k=

2.3

L ®@r
2. ()7

3. (i)2=

(11
(iv) (Ej

4. True (), (i), (vii)

Exponent

(i) 6561

. 625
(1) 354

o)

(ii) 23 x 3¢
(i) 20

7

25

v)

False: (iii), (iv), (v), (vi)

Exponentsand Radicals

L. 27
(iii) "o

o3

(i) 22 x 3 x 71
(iii) 25 % 3¢

ol
ol
ol

Mathematics Secondary Course




Exponentsand Radicals

2.4
49
1. 9
NEaY )
2. (i) (g) (ii) 122
- 7 -4 ) 1 -10
3. () (gj (i) (%
.81 2
4, (I)E (||)—§
5. True (ii), (iii), (iv)
25
: .. 25
1. ()8 (")?
. T
2. ()1 (||)§
2.6
1. (i)4,64 (i) 6,343
2. (i), (iv)
3. Pure (i), (iv)
Mixed: (ii), (iii)
2.7
1. (i), (iii)
2. (i) 147 (i) /432
3. () 532 (i) 33/9
2.8
1L 9J7 2. 222
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5 -3J3 6. 303/2
2.9

1. 2032 2. 3/5

5 34 6. 4/9

2.10

L 037 (i) V21

12
2. (i) g\/E (ii) 21—‘/75—1

3. 14
4. —%[2+\/6+\/§]
5. 6

179 2047

171 171

1 2 2 3 2 11 (_Zj4
1 ()52 x3Fx7x9 (i) 9
LD 1
2 () "5 (D 705
3. () 2*xFx5 (iH1
4. (i)zero (ii) zero
5. () (32)® (ih111

7. 512 + 3645 - 424/3

4 efﬁ
"V 25

7.8/3,3/2,3/4 8.3/4,4/3,3/2

(i) Yx—3y

DESCI PG

A
-‘ ANSWERS TO TERMINAL EXERCISE

(3)°
(|||)(Ej
(2Y
(|||)[§j
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6. x=8

7. X=-6

8. 2"x3* x5!
9

. 3 x 10" seconds

10. (i), iii), (iv)
11. () 3/27 (if) 3/500 (iii) §/6250
12. (i) 34/5 (ii) 2310 (iii) 43/2
13. (i), (i)

14.0)1%ZJ§ (i) zero (iii) 52
15. () 33 (i) /6

16.() V334,45 (i) V334,42
17. 16,%/320,12
18.() -36+v7) ()3N7+v3)  (i)9-4y5

2+/2+46 . 7/5+5J7+24105
4 (i) 70

19. (i)

20.a=11,b=-6
21.14
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